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A set of equations for magnetized plasma sheaths in rf capacitance discharges is developed within the
adiabatic electron, fluid ion framework. It differs from previous approaches iffdh&mn demagnetization, i.e.,
the detachment of the ion flow from the magnetic lines caused by electrostatic gradients, is introduced self-
consistently,(b) the ion injection velocity from the presheath is reevaluated to ensure the ion-electron flux
balance, andc) two symmetrically opposed coupled sheaths are driven by a sinusoidal driving voltage instead
of a sinusoidal current. It is found that the sheath potential and thickness increase considerably with increasing
magnetic inclinatiorg relative to the electric field compared to the unmagnetized results; the latter are recov-
ered at the parallel magnetic field limit. Also, the ion injection velocity along the magnetic lines is subsonic
and depends on the magnetic inclination. Finally, a sinusoidal ac voltage drives an anharmonic sheath current,
while a sinusoidal current drives anharmonic voltd@1063-651X99)09001-7

PACS numbeps): 52.40.Hf, 52.80.Pi, 52.20.Dq

I. INTRODUCTION 1) as a consequence of the guiding center drift. The Larmor
radius remains much smaller than the sheath thickness and is

A plasma sheath is a charged boundary layer formed dreated as an adiabatic invariant. As the magnetized
plasma-boundary interfaces because of the difference in mgresheath ions become partially demagnetized in a strong
bility among the various charge carriers. Electron depletionsheathE gradient, a new effective mass* applies for the
due to the electrons’ higher mobility, leaves a positivelyreduced one-dimensionélD) equation of motion along.
charged ion column. The ensuing potential gradient tends th the present formalism, the effective ion mass is allowed to
slow down the electrons and accelerate the ions until a steadfary self-consistently across the sheath since the ion flow
state is reached with equal ion and electron fluxes. Sheatngled* changes with the local electric gradiedE/dx. An
formation in plasmas externally driven at high rf power, earlier treatmen(6], addressing the sheath scaling observed
where the appliedor induced voltage is much stronger than in numerical simulations, used a constant effective mass, tak-
the thermal potential of the ambient plasma, is of interest iring the asymptotic limit of the ion drift in a quadratic effec-
applications ranging from plasma processing reactors to iofiveé sheath potential.
cyclotron heating of fusion plasmas. Usually the extent of This paper addresses the magnetic effectsibincorpo-
the sheath is much shorter than the applied rf wavelength s@ting the cross-magnetic ion flow in a self-consistent 1D
that electric field variations matter only in one dimension,model, (i) applying a sinusoidal voltage, rather than current
across the sheath. A one-dimensional, “moving plate capacithrough the sheath, as the boundary condition, @ingre-
tor” model has been developéd,?] to describe sheath for- €valuating the ion injection velocity from the presheath for
mation in rf-driven capacitor discharges when the sheattinaintaining steady-state quasineutrality.
thickness is much smaller than the sheath length. The sheath In thermal, quiescent(not rf-driven plasmas, the
equations are based on the assumption of adiabatic electrorii/asineutral presheath functions as a boundary, providing
in thermal equilibrium with the instantaneous sheath potenB-aligned ion flow at the ion sound velocity into the main
tial, and fluid ions, responding to the time-averaged sheatBheath. The often-made assumption, extending the sonic flow
field. injection to rf-driven sheaths, will be challenged by showing

More often than not, a significant magnetic field is presenthat a much lower ion injection velocity from the presheath
at an angle to the electric field. Studies of magnetic effects
on static (therma) plasma sheathl8] showed a significant X
effect of the magnetic angle on the magnetized plasma
presheath. Surprisingly, earlier treatmeptsb]| of rf-driven
sheaths, assuming small Larmor radius magnetized ions with
motion constrained along the magnetic lines, yielded sheath
scaling that is independent of the magnetic inclination, con-
trary to numerical resultfs] showing a strong dependence.

It has been since show] that the presence of an elec-
trostatic gradient oblique to the magnetic field allows ciBss-
ion drift in the direction of the transverse electric fiédd in
addition to the usuakEXxB drift under uniformE. The ion
flow detaches from the magnetic lines, pointing closer to the FIG. 1. lllustration of the field geometry and flow directiarof
direction of the electric field than the magnetic anglé-ig. the ion guiding center motion.

y
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is required to balance electron and ion currents. For the same
reason the injection velocity alori§jturns out to be strongly
dependent on the magnetic inclination relativeEto

In choosing the boundary conditions for the sheath equa-
tions one can prescribe either a sinusoidal current permeating
the sheath or a sinusoidal externally applied voltage at the }f

ny ny

sheath boundaries. The first option has been favored in the
past[1,2] because of its analytic simplicity. Given that the
sheath formation is a nonlinear effect, a monochromatic ~ 42
(sinusoidal current through the sheath leads to a sheath volt- —sa(t) si(t)
age \.Nlth higher harmqnlcs. In reality, 'F |s_usual_ly the applied FIG. 2. lllustration of the sheath density profiles between the
(driving) voltage that is monochromatic, inducing an anhar- !

. . . cha(:ltor plates and the plasma.
monic sheath current. Here, therefore, we elect a sinusoidal
driving voltage as the boundary condition between the ca
pacitor plates. That voltage equals the sum of the two sheag,
voltages, one on each plate, that are symmetric in space an

-— -~ Al

ssume a zero magnetic field in the plasma. An oscillating rf
Itage is applied in the& direction between the plates

180° out of phase relative to each other. A coupled set of V= —V, coq wt). )
differential equations involving both sheaths is then obtained
and solved numerically. Adopting the one-dimensional approximation, for plate di-

Three main conclusions follow from the study of the 1D mensions much longer than the sheath thickness, we assume
magnetized coupled sheath modél.The scaling of the rec- that all quantities vary only irk. A cross section of the
tified sheath potential on the rf amplitud; is nearly linear  charge distribution acrossis shown in Fig. 2. Within each
and similar to the sinusoidal current model. The sheath thicksheath, the edge of the electron distributsgt) oscillates in
ness, however, is somewhat smaller, scaling closer ttime between the sheath plasma interfase) and the maxi-
(eVit/kT)?? than to @V /«Tg)¥ (ii) The effect of ob- mum sheath thickness= A, exposing a positive ion column
ligue magnetic line®#0 is small at smalb but significant  of width A—s(t). Implicit in the above pictur¢1,2] is the
asE andB become orthogonal. The rectified sheath potentiahssumption of adiabatic electrons and fluid ions: The local
Vg4 and the sheath thickness increase as the magnetic electron density is in thermal equilibrium with the instanta-
angle increases. At a given magnetic angle, the increase imeous sheath potential, while the much slower ions respond
Vqd 0)/V4(0) is higher for a higher ambient plasma density.to the time-averaged sheath potential. For that to occur the rf
(iii) The required ion injection velocity from the presheath ismust be below the electron plasma and above the ion plasma
lower than the sound speed in order to maintain equal iomnd ion cyclotron frequencies,
and electron fluxes. The strong dependence oBtadigned
injection velocity on the magnetic inclination is essential for we> 0>, (), 2
the agreement between theory and earlier simulation results. . .

It is finally pointed out that the one-dimensional theory /N @ddition, the electron thermal velocity, must be much
cannot address the effects from excitation of diocotrorfarger than the moving plate velocity.
modes, having parallel wavelengths comparable to the sheath > wA 3)
thickness and caused by the shear in BB drift. The Ve @3-

effect of these two-dimensional modes is significant at Iargq;ina”y, the steplike decay of the electron edge density is

magnetic inclinations, causing drift velocity induced trans—-ustifieol when the plasma Debye length = w, /& T./m,
port comparable to that obtained by acceleration across t & much smaller thpan the shez)i/th thigit:?]ess:3 satis?ied eif the

sheath. : :
The remainder of this paper is organized as follows Secf;lpphed rf voltage well exceeds the ambient plasma tempera

. . . . - S reeV>«T,.
tion Il introduces the basic adiabatic electron, fluid |ontu g(e;ngideKr f?rst the sheath on the right. For radio frequen-
model and derives the coupled sheath equations in unmagng. :

. : : o es below the ambient plasma frequency and for electro-
tized plasmas. A discussion of the magnetic field effects IStatic perturbations the electric field goes to zeroxers
given in Sec. lll. The decoupling of the ion flow from the o

magnetic lines is parametrized by the introduction of theTﬁséphsgzq;aenfZlijvseﬁoginmai(X’t) atany location inside the

effective ion mass and the magnetized version of the sheafh
equations is subsequently derived. Section IV deals with the X N
issue of quasineutrality, bearing into the ion injection veloc- Vi(x,t)= —477f dx’f dx'pi(X"), x>s; (4
ity into the sheaths. The results are discussed in Sec. V and S1 S1

compared with earlier analytic models as well as numerical
simulations. A summary of the results and conclusions ap-
pears in Sec. VI.

Vi(x,t)=0, X=s;. (5)

The quasineutrality conditiom,=n; applies behind each
Il. COUPLED EQUATIONS FOR SYMMETRICALLY moving electron edge. The total sheath charge density

DRIVEN rf SHEATHS
prAX ) =e[Ni(X) —Ne(X)]=0, x=s1t) (6)
A uniform plasma placed between two parallel capacitor
plates in theyz plane is considered. For the moment we prAX,t)=en(x), x>s;At), @)
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is thus determined by the ion density profile henceforth  where 7, , is the time whens, , passes through, i.e., x

dropping the subscript. The total potential across each =s,; 7, ). The average charge dens{py) is the ion density

sheath isv; At)=V; {A;,t). Hence the total applied rf po- weighted by the time fraction that the ion columnsais

tential equaling the sum of ;(t) +V,(t) is written as exposed. The ion density profile then follows from the con-
tinuity equation at steady state

A '
—Vcog wt) = —471'J’ “dx’ fx dx"ny(x")
S1 S1

d
(M40 =0, (13
-S2 -S2
+477f dx’f dx"ny(x").  (8)
—4; x! where u, is determined by the ion motion in the rectified
. . potential.
Now, for symmetric sheath profiles);(x)=n,(—x) and Assuming conservation of the ion cyclotron ener@y-

A;=A,=A, the moving boundaries are 180° out of phaseyvariance of magnetic momenthe energy balance across the
S1(¢) = —Sa(¢p+m); the symmetrys,(¢)=si;(—¢) also  sheath then yields the equation fay,
implies s;(¢) = —s,(7— ¢).

The exact current through the discharge=ji+j. Fmiui+eU(x)=3mud,, (14
+dP/at is approximated by the polarization current due to

the oscillaton of the sheath boundary P where the injection velocity of the presheath iang equals
=(d/dt)[5dx p(x). The contribution from actual particle the jon-sound velocitycs= V& To/m;. Solving Eq.(14) for
motion j; andj. is much smaller since the ion flow velocity u, and substituting in the continuity equati¢td) yields the
is much slower than the sheath boundary, while electrongpn density profile
near thermal equilibrium behind the sheath boundary yield

zero curren{8]. The time derivative of Eq(7) and the cur-

Lo . . n
rent equality in the plasma-sheath boundaries yields n 0

1,2= : (15

. . JVi+2e Uy o X)/miud,

J1=51n1(81) == —5,N5(Sy). 9

. Equation(12) for the averaged sheath potential, ) for
Though Eq(9) is computed at each plasma-sheath boundarythqe ion density, and Eo(log)] for the eIeF::tron edg?%otion,

it also gives the current at each plate by applying thesupplemented with the boundary conditiodg(0)=0 and

conservation of 4J+ JE/dt for electrostatic oscillations dV,(0)/dx=E4(0)=0, form a closed set of sheath equa-

V-(VxB)=0 and noticing thatk is zero b_ehind egch tions. The first three combine into a dimensionless Poisson
sheath boundary and each plate surface. Taking the time dSZmation

rivative of Eq.(8) eliminates the integral sigri9] and yields
an algebraic relation for the moving boundary velodty

U, _ 0 W 6
0V Sin(wt)=478ny(5)[ (A=) +(A—5,)] N s (16
1

= —4mwSN,(Sy)[(A—sy) +(A—s)].
(100 whereV=eVy/«Te, X=x/\p, p=(p)/eny, andn=n;/ng
with 1/)\%= miw?/KTi =4me’ny/kT;; we have assumed,
The motion of each sheath boundary is coupled to the chargeithout loss of generality thaf.=T;. Here ¢(x;) signifies
contained in both sheaths; notice tigt* —S, despiteJ;  the rf phase when the sheath boundsyft) is atx,; since

=J,. Eq. (10) is valid for every valuex of s one obtains
When the rf is much higher than the characteristic ion
frequenciesv> w; ,{); one can assume that perturbations on do ﬁl(yl)(zg_yl_yz)
the rf time scale average out over the ion characteristic time a< - (17
X1 VySin ¢

and that the ions essentially respond to the time-averaged
(rectified sheath potential. Therefore, the sheath potential i

split into dc and oscillating parts Sl'he equations for the left sheath follow by swapping indices

1 and 2 and taking into account thafx;) = 7— ¢(X5). The
Xy integration in Eq.(16) proceeds untiky(x,) in Eq. (17)
reachesm; the x; value there is the sheath thickne&sin
units of Ap.

The numerical solution of the sinusoidal voltage drive
model yields the same linear dependence of the rectified

Vi, 1) =U1 X)+VyAX,1). (1D

The time-averagedJ(x)=(V(x,t)) is obtained from the
time-averaged Poisson equation

d2u, sheath potentiaV/ 4. on the rf amplitudeV; as the sinusoidal
5= —4m(p1AX.t)) current drive model1,2]. The sheath thickness, however, is
dx ' found smaller than the sinusoidal current model. The detailed
results from solving the unmagnetized equations of this sec-
— A4 ©T12 en, AX), (12) tion will be presented in Sec. IV as the paralelimit of the

magnetized sheath equations.
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1. MAGNETIZED SHEATHS provided the variatiordE/dx is monotonic (nonperiodig;
the strengthE,, of possible resonant harmoni&siy=n(};
that might destroy adiabaticity is then negligible.

r As ion acceleration alonB shifts thex location[Eq. (18)]
towards higheE(x), the electron drift velocity, given by

The ion motion inside a magnetic field is a cyclotron ro-
tation around a drifting guiding centdGC). In the fully
magnetized ion picture the Larmor radius is much smalle
than the sheath thicknegs =v;/Q;<Ap=v;/w; and the
guiding center motion is confined along the magnetic lines. . E B 21
The first assumption is satisfied feW> «T; given that the Uy = = sin 6CEq(x)/Bo, @D

sheath thickness is then much larger than. However, in also accelerates, introducing the inertial force=

the case of qblique magnetic lines, the GC motiqn i.S really_ 4y /dt. The presence of the magnetic field causes a new
three dimensional and decouples from the magnetic lines du&iﬂ —{:fxz /eB to be orthogonal to the acceleration
to the electrostatic gradiefi¥]. The term partially magne- ! '

tized ions characterizes orbits of small Larmor radius that m?c? e dE, e dE
drift across the magnetic field and applies inside the sheath. U =—————sink, =—— — (22)
The orbit geometry is illustrated in Fig. 1, introducing a eB° m; dt m; Q¢ dt

By-aligned coordinate systenx(,z)),
Expression(22) is essentially a generalized polarization drift

X=X, sin §+z,cos 6, (18  equation u,=u,, with dEy/dt=0Eq/dt+ (X, sin6
+2,cos6)(dEy/dX). SettingdEy/dx=4men and JEy/dt=0
z=—x,cos §+zsin 6. (19 in Eq. (22 yields
In addition to the acceleration parallel to the magnetic field, (0?/Q2)p sin 6 cos
there is theuxEXB drift as well as an acceleration drift U =al, a=-——y —5—o0 (23
proportional todu/dt due to the variation of th&XxB ve- 1—({107)p sito

locity. Though one needs only, to consider density varia- )

tions inx, the full 3D solutions of the ion equations of mo- Eduation(23) relatesu, to u, [10] througzh thelocal electro-
tion are need to obtain, . Fortunately, in many cases, the Static gradient, parametrized lye/dx/B® (/i) p, with
motion described by the drift velocities depends on the field? = (P(X))/€n, the time-averaged sheath charge density and
values at the instantaneous ion position, independent of timgi the ambient ion plasma frequency. Substituting &)
history. That being the case, one can eliminate other velocit{? EQ. (18), it follows that the angle of motion relative to the

components in favor dify , resulting in a constrained motion X directionu,/u,= tan ¢ =(sin 6—a cos 6)/(cos 6+ a sin 6)

equation along, =tan(@—tan ! a) is different from the magnetic angle tan
Eliminatingu, and using Eq(21) for u, the energy conser-
Im*(9)ui+ uB+eU(x)= %miuSHJr,uOBOE%miuS. vation (20) yields the following equation of motion along
(20)

Here u, represents the velocity of the ion GC, while the . , |1 c du\?

cyclotron rotation energy is given byB. If the magnetic >m (O)us+ 2 m;sinf 6 B, dx —eU(x)

momentu is an adiabatic invariant, fou/L<<{) whereL

=A is the sheath scale length, the cyclotron energy is also 1 , 1 2

invariant for constanB,, dropping out of Eq(20). =2 Millo,= 5 Malo,, (24)

The effective masm* () depends on the approximation.
If one allows motion only along, then fromu,=u, tand  where we have sdf,=—dU/dx, assumed conservation of
follows m*/m; = 1+tarf6=1/cos ¢; moreover, the magnetic 1, expressed the presheath ion energy on the right-hand side
angle drops out of the sheath scal[dg5]. That is valid only  via the fully magnetized massiz/m;=1/cog 6 given that

for B nearly parallel toE. For fully 3D motion, exact solu- =, cos#, and defined the partially magnetized mass
tions are possiblg7] for a quadratic, constant charge densityingide the sheath as

potentiaIUocmwizxz, yielding a constant flow angle relative

to B and a constant effective mas¥ (4) <mjg through the

sheath. However, constant charge density results provide m* () 1+ a2

only scaling estimate6] for the sheath behavior. =sedg* =
A general effective mass derivation, appropriate for an i

arbitrary sheath profiléJ(x), is now introduced, based on =sed(H—tan ‘a). (25)

the GC drift approximation. Strictly speaking, the drift equa-

tions are valid when the drift characteristic time is longerThe derived effective mas&5) differs from the constant

than the cyclotron perio#uy<€); with k=1/A, which im-  charge density limit of Eq. 52 in Ref6] in that (i) m* (6)

plies w?/Q?<1 for ug=eE/mQ;~w?A/Q;. In Ref. [7],  and¢* vary across the sheath in response to the charge den-

however, theexact solutions for motion under constant sity variationp(x) and (i) m* (6) absorbs the acceleration

dE/dx demonstrated conservation of the gyroenergy withdrift, but not theEX B drift, while the effective mass in Eq.

small Larmor radiugp/A<1, for high w?/Q?~1 and high 52 of Ref.[6] includes both drifts. Here the effective poten-

GC drift velocities. We conjecture that the adiabatic GC ap-+ial for the ion motion alondt is the sheath potential minus

proximation is still valid for large and nonuniform gradients the energy sunk into thEx B motion.

(a sin 6+ cos 6)?
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1.2:--|*-|"|"|"1": U{)H/m*(g)/ms
i ] = — (26)
1. _ . [Oh 2 dU
ug +2U—sirfe| —| | —
0. I Q; dx,
m
£
~ 0 )
* £ Expression(26) goes to the unmagnetizexd, Eq.(15) in the
0 parallel B limit #=0. The magnetized version of Poisson’s
) equation(16) becomes
0.
0. dZU1 (ZS(Y:L) UOH v m* ( 0)/mB
0 o " \/_2+ZU o] ()
u —si —| | —=
e Q) \dx
FIG. 3. Effective mass ratim*/mg for the motion alonge vs (27)
the magnetic angl@. Different curves correspond to different val-
ues ofw?/Q2. Thew?/Q?=0 limit corresponds to completely mag-
i =m* f th o
netizedms=m", regardiess of the angié and the sheath boundary motion is given by
—% - JRN— JEN—
The magnetic field increases the inertia fomotion m* dg N1 (x)(2A—X—X%;) (28)
since not all the sheath potential energy goes into ion accel- dx, Vysin ¢ '

eration across the sheath and timis is always higher than
m; . On the other handn* is less than the fully magnetized
massmg because part of the acceleration drift points alongcyossp drift effects manifest through the partial ion demag-
the electric field(x direction. That is shown in Fig. 3, plot- atization m*/mg=<1 (acceleration drift alongE) and the
ting the ratiom*/mg vs ¢ for various fixedw{/Q7. COm-  |ast term under the square root of H@7), the Ex B drift
pared to the earlier constant density results in Fig. 3 of Refparallel to the plate. Notice that the effective potential under
[6], the ratiosm*/mg are relatively higher fow?/Q?<0.5  the square root becomes negativetarding the ionx mo-
and lower otherwise. For given magnetic anglethe flow  tion) at high electric gradients, meaning insufficient potential
angle ¢* changes across the sheath as the local gradierihergyU(x) to supply theEx B drift kinetic energy. That
dE/dxx w?(X) changes since in Eq.(23) depends od(x).  does not occur in reality because the GC drift approximation
The differenceé* — 6 between the flow and the magnetic fails when the electric gradient length is comparable to the
angle increases deeper inside the sheath, as the ion flow iharmor radius; the analytic modéR2) is not accurate for
creasingly tilts towards the electric field direction. w?/Q?>1. Exact calculations, albeit possible only for qua-
The presheath ions are magnetized since the electric fielgratic sheath potentials, show that no ion reflection takes
there is negligible and the injected ion flow is confined alongplace at large»?/Q?.
the field linesu, =uo cos6. Combining Eq(24) for the ion The flow angle#* (x) depends on the average sheath den-
velocity v, inside the sheath with the continuity equation sity p through Eq.(23) and p=(¢/#7)n; depends ong*
(13) yields, after the usual normalizatiofgqg. (16)], the ion  through Eq.(26). Eliminating 6* from Egs.(23)—(26) yields

density profilen;® for magnetized sheaths the self-consistent ion density profile
[OF 4 o, 4
— | sinto — | Asinte
Qi i
1+ 2/ ;—\2 4 2/ —\2 4
— wj dUl i — [O]] dUl (O]
U +2U;-sir? | —| | —| —| —| sirfo Uz +2U,—sifgl —| | —| —| —| sirfo
_ ' i)\ dx Q ‘ Qi) \ dx Q;
ni :uoH

iy

2/ ,—\2 4
. _ (O] dU (O]
\/u%+2U1—sin29 —| | —] —|—| 7PsirPo
! Q; dx Q;

(29
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in terms of the ambient plasma densd&ﬁ/ﬂiz, the injection  rier will strike the plate. Applying Maxwell-Boltzmann sta-
velocity Uy =ug /Cs, the ratior=ug ¢(x)/ 7, and the mag- tistics yields the instantaneous electron current as
Il I Il

netic angled. Equations(27), (28), and(29) are the magne- o 1 m
tized versions of Eqq(16), (17), and(15); the latter are re- je(d)):eni(A)f dE — \/=—— e &/«Te
covered at9=0. Vo) Me V27kTe
For thermal, quiescent(not rf-driven) sheaths the KT,
B-aligned ion injection velocity equals the sound spEgp =en(A)\ 5 — g eV@)/«Te (31
UO”: 1. That, however, is not valid for rf-driven sheaths. It is €
shown next that the ion injection speed parallel to the magwhere£ is the total electron energy. Setting
netic field is subsonic, with a strong dependence on the mag- B . - )
netic angleu (6)<cs. V[s=s(¢)]= 3 mwini(A)s*(¢) (32
We note in passing that if one were to fiy =1, fix the  and approximating the sheath boundary motige) near
effective ion massn* # mg, and neglect the last term under the plate as
the square root of Eq27), thenn® =n;(m*/mg) ~ Y2 and the A A
r_nagnetized equations rescale back_ the unmagne_tized equa- S(p)=—= (1—Ccos )= — ¢? (33
tions (15—(17) by a length stretching/=(m*/mg) . 2 4
Fixing the flow angled* # 6 relative toE and neglecting the

obtains
energy sunk into the parallel to the pleEe< B drift would
lead to thesametotal dc sheath voltage as in the unmagne- ) kTe &
tized case, distributed over a sheath thickness slightly ex- Je(¢)=en(A) 2, © %, (34)

panded by a factom* /mg) ~ . Restoring the variable flow
angle #* across the sheath and including the parallel to thewith yzﬁ(A)miw?AZ/SZKTe. Averaging over an ac period
platesE X B drift offers only marginal improvement towards yields
the numerically observed strong magnetic influence. It is the
introduction of the subsonigj-dependent, ion injection ve-

— 1 = 1T(3) kTe
locity below that yields full blown magnetic effects. =5 J_ Wd¢ Je(P)=

—— \/——en(4),
m 4yt 2mmg (8)
(35

IV. CHARGE BALANCE WITH SUBSONIC ION 1 ) .
INJECTION wherel'(3)/4=0.906 and thep integration was extended to
While current conservation has been applied separately t5auatingje with the ion flux(30) yields
the electron and ion fluxes through the sheaths, no provision
g P 32T \ ¥ [KTe _ ..
o . ) ; U, = — ni(A)*% (36
violating the quasineutrality of the main plasma at steady o 4r \moA 2mmg
state. In quiescent thermal sheaths balance occurs with the
speedc =\« T./m; (Bohm condition. In rf-driven sheaths 9=0 limit and using Eq(26) for n; yield
guasineutrality has usually beeaasumegdallowing ion injec- Uou(ﬁ) ~ ( nA(ﬁ)) 3( A(O)) 2
automatically satisfied, the ion-electron flux balance must be
invoked as a separate condition. (m*(e))3’2( 2Vdc(0))3’2(A(O)

*+o because of the rapid decay in the exponentgd).

1

has been made so far fequatingthe two fluxes to avoid _ L“)

ion injection velocity greater than or equal to the ion sound>Nce Poth sides are functions éf dividing Eq. (36) by its

tion along the magnetic lines withy =c,. Far from being =

” Uo,(0) \ny(0)) \A(6)
2

Imposing flux equality between electrons and ions re- = VT INT) ) . (37
quires adjusting the ion injection velocity from the presheath. Ma ac 0) (6)
While conservation in the ion current determines the ion dentt follows that the ion injection velocitylong the magnetic
sity profile, the ambipolarity determines the ion injection ve-jinesdepends on the angte Two factors restrict the electron

locity. It will be shown that flux balance requires subsonicyx to the plates for a rf-driven sheath, relative to a thermal
ion injection velocitiesup <c, that depend on the magnetic sheath. First, the electron density at the edge is limited by the

inclination. large extent of the sheath>\., as shown in Fig. 2. Sec-
While the ion flux is constant and equal to the presheattond, the electron edge touches the wall only for a small
flux fraction ~\./A<<1 of the rf period. The ion current flux is
then proportionally restricted to maintain quasineutrality in
ji:jio:enouou, (30) the main plasma volume.

It is the dependence of the ion injection velocity on the
magnetic angle that yields the main effect on the induced
electrons arrive at the plates in “spurts” when the movingsheath voltage and thickness. A thoroughly self-consistent
edge of the electron distributig{t) comes within a distance approach requires solving the sheath equati@®—(29)
Ag from the plate. From a total electron edge populationwith Eq. (36) as the boundary velocity. That is rather in-
equal to the ion edge density(A) (Fig. 2) only those with  volved numerically because the desired boundary vlye
velocity ug=+2(E—V)/m, above the sheath potential bar- =U(A) is also a parameter in the equations to be solved
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and the appliedv;=14. The sheath voltages obtained for three The anharmonic

magnetic angleg=0°,45°,75°(heavy dotted linesare practically
indistinguishable. The difference from the applied sinusoidal volt-
age(light dotted line$ is of the numerical accuracy order.

current
J(¢) — Ik Sin ¢, is shown by light dashed lines.
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FIG. 5. Sheath current vs phadeeavy dashed lingdor three
different magnetic angles, as in Fig. 4, at the apphég=14.
the difference

tively, and change little with the external rf amplitude. What

changes is the total sheath dc potentigl=Uy(A), the dc

[entering througm;(A) in Egs.(36) and (15)] and will not
be attempted. Instead the approximation

m* ( 0)) 3/2
Mg

UOH( 0)=Cs

is employed in the subsequent results, neglecting the weakefde

0 dependence oA andV. in Eq. (37). The effective mass
ratio is given by Egs(23) and(25), using the average charge
densityF(A)z¢(A)/7Tni(_A)=ni(A) from Eq. (2_9), with
the empirical relationsU;(A)=Vy=0.4V;, dU;/dx|,
=E;(A)=2V4 /A, andA=1.6V5°.

field at the plateE .=Ey(A), and the sheath thicknegs
They are shown, respectively, in Figgayand 1b) against
the rf amplitudeV,;. A simple power lana V¥ fits fairly well
(3890  with the results wherea=0.40 andp=1.0 for V4. and a
=1.23 andp=0.61 for A. The almost linear dependence of

on V, is similar to that under the sinusoidal current
drive; the asymptotic slope 0.40 is also near the 0.43 previ-
ous theory limit. However, the sheath thicknedshq
=1.23(eV,/«T)%Cis smaller than the sinusoidal current re-
sult A/Ayg=3.39(€ V,/«T)¥

The magnetic field effects are investigated by considering
obliqueB relative toE, ##0. The dc sheath voltage and the

sheath thickness curves, shown in Fig&) and 7b) for 6

V. RESULTS

Equations (27)—(29) cannot be analytically integrated.
They are solved numerically using standard “shooting”
techniques for two-point boundary problems. A complication
arises from the fact that one of the boundary values, the
sheath thicknesa, also appears as a coefficient of the dif-
ferential system, which cannot be readily handled by existing
solvers. The difficulty is circumvented by introducing ,

=A—X;,as a new independent variable and solving simul- [E | 1.5

taneously an expanded system with two additional differen-
tial equations fodx] ;/d¢= —dx; ,/d¢ (see the Appendijx

The oscillating sheath voltagés ,(t) obtained are plot-
ted in Fig. 4. The total plate voltage, the sip+V,, given
by the solid dotted curve, is practically indistinguishable
from the exact applied plate potential. By contrast, the sheath
voltage solutions under sinusoidal sheath current yield higher
harmonic components in the plate voltage, of amplitude
above 10% of the fundamental. Here it is the sheath current,
shown in Fig. 5, that is anharmonic with higher harmonic
content of the order 10%.

The time-averageddc) profiles for the voltage and elec-

2.5 perrrreeereee

1.0 [
0.5 |

0.0 &

=45° and 75°, maintain the same power dependence on the
rf amplitude as ford=0°. The slope, however, increases to

FIG. 6. Time-averageddc) voltage U:eU/KTe and electric

tric field inside a sheath are shown in Fig. 6. The light dottedeld |E| profiles vs the distance/\, across the left sheath. Here

curves are the best fitting curves proportionalxtb The
power exponents ag=7/3 and 4/3 folU, andE,, respec-

w?10%=0.5, #=75°, andV,=14. The light curves are best fit-
ting power laws.
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a=0.53 forVy, anda=1.41 forA. The exactd dependence 13.0 — ] 70
under a giverV; will be given later.

The ion flow angled*, which is equal to the magnetic 12.0 J&s
angle 6 at the presheath, gradually tilts towards thelirec- L )
tion as ions move deeper in the sheath, as illustrated in Fig._ 11.0 [ ]
8. The sheath voltage profilés(x) for a given rf amplitude q.’ i 760«
are plotted in Fig. @) for various magnetic angles. The pro- © 1o9.0 | '
files are similar except that the sheaths extend to longer dis- @ 1ss o
tances and higher voltages with increasifig The corre- 9.0 1 .
sponding ion density profiles and the time-averaged total
charge densities are shown in Figb® The total charge 8.0 1 50
density rises quickly from zero near the plasma interface to a )
nearly constant value, equal to the ion density at the sheatt _ ]
edge(plate). Notice how the differencé* — ¢ relates to the 7.0 ———— e 45
charge density buildup E/dx«p, according to Eqs(23)— 0 2 4 8 8
(25). The approximate constancy of the charge density justi- X

fies the quadratic sheath approximation that has been used

earlier to scale sheaths obtained from numerical simulations. FIG. 8. Change in the ion flow anglé* across the sheath at
The ion “demagnetization” enhances the decrease in thérge »{/Qf=2 for two different magnetic angles==83° (solid

ion density at the wall by a factor (ﬁfn*(&)/mB]_l/z com- line) an_d Q:45° (dashed Iln_ﬁ_showmg flow s_hppage from the

pared to the unmagnetize=0 case. The subsequent de- magnetic lines and gradual tilting towards tdield.

crease in the electron edge density touching the (#dj. 2)

further restricts the electron current through the sheath. In

response, the ion injection velocity along from the 10.00 — . : .
e e P e e i
18.00 . 8.00 -
- 758° - ] L
15.00 /, - 6.00 4
L ” ]
L /’ ] U
C 5 ] L
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\' [ ] [
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FIG. 9. Typical (right sheath profiles for magnetic angleg

(b) vr £ =0°,45°,60°,75°(a) Potentiale U/« T, vs the sheath positiox/\
(from bottom to top. (b) lon density profile;(x) (heavy curves,
FIG. 7. Rectifieda) sheath voltag® =eV,./«T, and(b) sheath  from top to bottom and the time-averaged charged dengifx)
thicknessA/\ p, vs the applied rf amplitude fop?/Q?=0.5 at vari-  (light curves. Herew?/Q?=0.33. The sheath thickness is different
ous magnetic angles as marked. for each case.
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FIG. 10. Rectified@ sheath voltageV,./«T, and (b) sheath b
thicknessA/\p vs the external magnetic angkefor the constant FIG. 11. Rectified@ sheath voltageV,./xT. and (b) sheath
applied rf amplitudeeV;;/«T,=14 and various ambient plasmas thicknessA/\p vs the ambient plasma?/Q? for the constant ap-
w?/Q? as marked. plied rf amplitudeeVy/xkT,=14 and various external magnetic

angles as marked.
presheath is also reduced, relative to the unmagnetized limit,
to maintain flux balance. The combined effect leads to thealemonstrated by the theoretical results of Fig. 13, obtained
dependence of the sheath voltage and the sheath thicknesdor fixed Ug = Cs as the boundary condition. There the sheath

on the magnetic angle, plotted respectively in Figsal@nd  yoltage vs the magnetic ang[€ig. 13a)] remains practi-

10(b); various curves correspond to various ambient plasmga|ly constant and the increase in the sheath thickness is only
densities. Both the dc potential and sheath thickness under a

given rf strength increase with increasing magnetic angle; -1 J N —
the increase is rather uniform with the magnetic angle. At a [ *
given angle the magnetic effects become stronger with in- I
creasing ambient density, parametrizedabfy(liz, as shown

in Figs. 11a) and 11b).

{0
\

The analytic results are compared to particle simulation >°
results[6] in Fig. 12, plotting the increase in sheath voltage . 1.50 ]
Vad 6)/V4(0) vs the magnetic angle. The best agreement is 2
observed at ambient plasma densitf/Q?=0.33. Earlier >31 00 -

approximate scaling theof$] yields similar agreement with
the simulations forw?/Q?=0.45. The steady-state ambient
plasma density in these simulations is not known, but it is
definitely smaller than the initial fill density of»s?/Q? 0.0 200 400 60.0  80.0
=0.75. Notably, both the present theory and the earlier scal- 9
ing results are obtained by invoking electron-ion flux bal-
ance. FIG. 12. Rectified sheath voltage vs the magnetic angle, normal-
That using the consistent subsomiclependent ion injec- ized to the unmagnetizegaralle) limit Vy(6)/Vy(0). Diamonds
tion velocity is essential for agreement with simulations isshow the particle simulation results taken froj.
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9.00 —/—¥r———r———F—r——1——T7——1— increasing angles betwe&nandB. Both the rectified sheath
| potential V4. and the sheath thickness increases signifi-
cantly under a given rf amplitude as the angle gets closer to
8.00 ] orthogonal_. Eor a gi_ven ma_gnetic anglethe _effects get
r ] stronger with increasing ambient plasma density, meaning an
L 4 increased sheath charge density. The unmagnetized plasma
de, oo L ] results are recovered at the parallel magnetic field liénit
Tt =0.
It is also argued, on grounds of sustaining the ambient
plasma quasineutrality, that the ion injection velocity from

6.00 1 B the presheath must be less than the sound speed. The sheath
potential is sensitive to the dependence of Bhaligned ion
S injection velocity on the magnetic inclinatiofi Use of the

sound speed for injection causes an underestimation of the
magnetic angle effects on the induced sheath voltage.
(@) 0 The development of a two-dimensional sheath theory
seems essential to improve further the description of magne-
800 T T T T T T T ] tized sheaths. The shear in tB B ion velocity is known to

k excite diocotron-type instabilities with finite wave number
parallel to the surface. Electron transport is then determined
by a two-dimensional potential, particularly in cases of
nearly orthogonaE andB. The saturation level of diocotron
modes can be as high as the applied rf potential, significantly
changing the sheath profile. For example, the increase in the
sheath potential ab>80° under a given rf drive, docu-
mented in the numerical particle-in-cell simulations of
Fig. 12, cannot be accounted for by the magnetized 1D
theory presented here.
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APPENDIX: SHEATH EQUATIONS FOR NUMERICAL

marginal [Fig. 13b)] despite the use of higher ambient INTEGRATION

plasma densities than in Figs. 9-12.
To solve EQgs.(27)—(29) numerically, the second-order

VI. CONCLUSIONS equation for the time-averaged sheath potentlal is re-
placed by

The usual 1D sheath model, based on fluid ions and ther-
malized electrons, has been generalized by including the ef-  — — ,
fects from oblique magnetic fields, redefining the ion injec-  9Y1_ dUs @: = Visin ¢ (AD)
tion velocity to preserve charge neutrality in the ambient d¢ dx; do PA)(A—x+A—Xy)
plasma, and applying sinusoidal voltage boundary condi-
tions. The magnetized presheath ions get partially demagne- — .
tized inside the sheath and their motion is not constrained dEl dE, dx fﬁ(y) Visin ¢
along the magnetic lines. The ion GC drifts, stemming from d¢ d_ dd) T YA (A—x+A—X,)
the electric field gradient, are incorporated in the effective (A2)

ion mass. The solutions for sinusoidal voltage boundary con-

ditions are obtained numerically by solving the coupledgxploiting the symmetry between the left and right sheaths

equations for two symmetric sheaths. _ 6(x2)=7— ¢(Xy), the left sheath equations are
It was found that an applied harmonic voltage drives an

anharmonic current through the sheéhrlier results assum- — )
ing harmonic sheath current find an anharmonic sheath volt- AU, dU, d%;  — Visin ¢

age. The scaling of the rectified sheath potential on the rf d¢  dx, d¢ =B nx)(A—X+A—=X;)’ (A3)
amplitude is nearly linear and similar to the sinusoidal cur-

rent model. The sheath thickness, however, is somewhat __ _

smaller, scaling closer to eW/xTo)?? rather than  dEx dE;dx; 7—¢ ____ Vissin ¢
(eViy/kTo) % d¢ dx, d¢ - o) NG (A =X+ A—Xp)

The effects of oblique magnetic lings#0 increase with (A4)
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The time-averaged sheath potentﬁl,z and electric field ?IEK—_L (A7)
E,, are now given as functions of the rf phase @<=
through the relations T=8-%, (A8)
dx; Vsin ¢
dé  nx)(A—x+A—%p) (AS)  as independent variables subject to the differential equations
dx; Vysin ¢ ax; dx;
e JR el (6) —=—, (A9)
doé  N(Xx)(A—=X;+A—=X5) do do
Using the density profile given in Eq&9), Eqgs.(A1)—(A6) .
are six differential equations with six unknowhls ,, E; 5, i: _ @ (A10)
and X; ,, subject to the following boundary conditions: dé dé

U,(0)=0, E;(0)=0, x1(0)=0, U,(7)=0, Ex(7)=0, and

X,(m)=0. and the boundary conditions () =0 andx3 (0)=0. To-
Observe that the integrand on the right-hand sides of Eqgether with the original equatiori$1)—(A6), Eqgs.(A9) and

(A1)—(A6) is an explicit function of the boundary value  (A10) form a system of eight equations with eight unknowns

=X;(¢p=m)=X%,(0), a peculiarity that cannot be readily U;,, E;,, X3, andXi,. The boundary conditio does

handled by the existing differential solvers. To circumventnot appear explicitlyit has been absorbed insig&) and the

that difficulty, one can introduce equations are solved using a standard “shooting™ integrator.
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